THE BLOCH-OKOUNKOV CORRELATION 
FUNCTIONS, A CLASSICAL HALF-INTEGRAL CASE 

DAVID G. TAYLOR 

Abstract. Bloch and Okounkov's correlation function on the infi- 
nite wedge space has connections to Gromov-Witten theory, Hilbcrt 
schemes, symmetric groups, and certain character functions of gt^- 
modules of level one. Recent works have calculated these character 
functions for higher levels for qI x and its Lie subalgebras of classi- 
cal type. Here we obtain these functions for the subalgebra of type 
D of half-integral levels and as a byproduct, obtain g-dimcnsion 
formulas for integral modules of type D at half-integral level. 



1. Introduction 

Bloch and Okounkov |BO] introduced an n-point correlation function 
on the infinite wedge space and found an elegant closed formula in 
terms of theta functions. From a representation theoretic viewpoint, 
the Bloch- Okounkov n-point function can be also easily interpreted 
as correlation functions on integrable modules over Lie algebra gl^ 
of level one (cf. [Ok[ IMil[ ICWj ). Along this line, Cheng and Wang 



|CW] formulated and calculated such n-point correlation functions on 
integrable gt^-modules of level I (I G N). These correlation functions 
proved to be very useful in many applications such as in Gromov- 
Witten theory, Hilbert schemes, and the study of the symmetric groups. 

The author and Wang |TWj extended the formulation and computa- 
tion of these correlation functions to the other classical subalgebras of 
jjl^; there we have calculated the n-point correlation functions for inte- 
grable modules of arbitrary positive level for the subalgebras classically 
identified as , Cqo, and d^. The author, along with Cheng and Wang 
|CTW] . later further extended results to modules of negative level for 
gt^ and its same subalgebras. For more history of this problem, we 
refer the reader to the introduction of |TWj . 
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It has been known since Hermann Weyl that representations of the 
orthogonal Lie algebras have certain annoying features due to two con- 
nected components of the orthogonal group; in particular, Weyl's char- 
acter formula gives a better result for the character of certain pairs of 
representations rather than the individual components. In [TWj . we 
are forced to consider the direct sum of two irreducible (ioo-modules for 
this reason. In this paper, we aim to examine the case for (ioo-modules 
of positive half-integral level. Our main strategy, as in |TW] . is to use 
a free-field realization [DJKMj and a Howe duality due to Wang |Wlj 
between and the Lie group 0(21 + 1). We develop an operator in 
that is able to distinguish between the two components of this direct 
sum and use this operator to help compute a formula for the n-point 
correlation functions on the irreducible (ioo-modules. 

The paper is organized as follows. In section [21 we review some of 
the preliminaries. First we review the definitions and notations we 
will use regarding gL^ and d^. Then we give a brief review of the 
Lie group 0(21 + 1) and conclude with a quick review of the problem 
in the gL^ case. This section also introduces some of the Fock space 
definitions as well as the original Bloch-Okounkov function which will 
appear in several of our formulas. Finally, in section [3] we present our 
main theorems with proof. 

Acknowledgement The author is partially supported by a faculty 
research grant from Roanoke College. The author wishes to thank 
Weiqiang Wang for many helpful discussions and comments. The au- 
thor also wishes to thank the referee for helpful suggestions and prompt 
correspondence. 



2. The preliminaries 

2.1. Classical Lie algebras of infinite dimension. In this subsec- 
tion we review Lie algebras gl = gL^ and Lie subalgebras of type D 
(cf. |DJKMllKacj ). 

2.1.1. Lie algebra gl. Denote by gl the Lie algebra of all matrices 
(ajj)ij e z satisfying = for \ sufficiently large. Denote by Eij the 
infinite matrix with 1 at place and elsewhere and let the weight 
of be j — i. This defines a Z-principal gradation gl = ©, eZ glj- 

Denote by gl = gL^ = gl © CC the central extension given by the 
following 2-cocycle with values in C: 



C(A,B) = tr ([J,A]B) 



(1) 
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where J = J2j<o En- The Z-gradation of Lie algebra g[ extends to g[ by 
letting the weight of C to be 0. This leads to a triangular decomposition 

flt = © fl[ © fl [ - 



where g[ ± = ©^0^, 0t o = 0^0 



E, 



CC. Let 

+ 5i,oC 



(i e Z) 



Denote by L(g[; A) the highest weight g [-module with highest weight 
A G g[ , where C acts as a scalar which is called the level. Let A" 6 g[ 
be the fundamental weights, i.e. A" (iff 

2.1.2. Lie algebra d^. Let 



6 



'.r 



d r 



{(a 



e gl | a< 



~°l-j,l-i} 



be a Lie subalgebra of g I of type D. Denote by c?oo = ^oo © CC the 
central extension given by the 2-cocycle (PQ). Then has a natu- 
ral triangular decomposition induced from g[ with Cartan subalgebra 
^ooo = fl^o n d oc- Given A G d^l, we let 
ii, d = En + E-t-i — Ei 



E. 



-i,-t+i 



(i G N), 



£5 



0,0 



1,-1 



2.2 



£ M + 2C. 



Denote by Af the z-th fundamental weight of doo, i.e. Af(H', 



2.2. Classical Lie group 0(21 
2.2.1. 0(2/ + 1). Let 0(21 + 1) = 



G GX(2Z + 1) | V# = J}, where 



J 



Ii 
k 







1 



The Lie algebra so (21 + 1) is the Lie subalgebra of gl(2/ + 1) consisting 
of (21 + 1) x (21 + 1) matrices of the form 

P 5 
h 




a 



t , 



7 —a 



(2) 



where a, /?, 7 are / x / matrices and j3, 7 skew-symmetric. The Borel 
subalgebra b(so(2l + 1)) consists of matrices (j2J) by putting 7, /i, 5 to 
be and a to be upper triangular. The Cartan subalgebra f>(so(2i+l)) 
consists of diagonal matrices of the form diag(£i, ■ ■ ■ ,U; —t± . . . — tf, 0), 
G C. An irreducible module of SO (21 + 1) is parameterized by its 
highest weight (m 1 , . . . , m ; ) G CP', where CP' denotes the set of partitions 
with at most I non-zero parts. 
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It is well known that 0(21 + 1) is isomorphic to the direct prod- 
uct SO (21 + 1) x Z 2 by sending the minus identity matrix to — 1 G 
Z 2 = {±1}- Denote by det the non-trivial one-dimensional representa- 
tion of 0(21 + 1). An representation A of SO (21 + 1) extends to two 
different representations A and A <g) det of 0(21 + 1). Then we can pa- 
rameterize irreducible representations of 0(21 + 1) by (mi, . . . , mi) and 
(mi, . . . , mi) <g> det. We shall denote 

E(B) =7 l U {A® det | A G ? 1 } . 

For more details regarding a parametrization of irreducible modules of 
various classical Lie groups including 0(21 + 1), we refer the reader to 
[EtDj . 

2.3. The Fock space J 1 . Consider a pair of fermionic fields 
with the following anti-commutation relations 

]+ = <Wn,0, [V>m> ]+ = °" 

Denote by 3 r the Fock space of the fermionic fields ^(z) generated by 
a vacuum vector |0) which satisfies 

^-|0)=V+|0) = fornG± + Z + . 

We have the standard charge decomposition (cf. [MJD] ) 

kez 

Each 3^ becomes an irreducible module over a certain Heisenbere; 
Lie algebra. The shift operator S : 3"^ — ► 3 r ( fc+1 ) matches the high- 
est weight vectors and commutes with the creation operators in the 
Heisenberg algebra. 

Now we take I pairs of fermionic fields, ip ±,p (z) (p = 1, . . . , I) and 
denote the corresponding Fock space by 3^. Introduce the following 
generating series 

i 

E(z,w) = ^Eijz'w" 3 ' = J2^ + ' P ( Z )^~' P ( W )^ ( 3 ) 
tjez p=i 

where the normal ordering :: means that the operators annihilating |0) 
are moved to the right with a sign. It is well known that the operators 
Eij (i,j G Z) generate a representation in 3"' of the Lie algebra gl with 
level /. 
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Let 



e pq 



J2--^-r--i e+=^+^:, p^g, (4) 
and let 

e PQ = E '■^t v i ) ~-V- + S pq e. (5) 

The operators e+ g , e pq ,e~ q (p,q = 1, • • • , /) generate Lie algebra 50 (2/) 
(cf. IFF1IWI] ). 

2.4. The main results of (HDl 1CW] . Recall that Bloch and Ok- 
ounkov [BOj introduced the following operators in $j[ 

:A(t): = A(t) = :A(t): + ; 1 — C 

Given A = (mi, . . . , mi) G S(A), we denote by A(A) the gt-highest 
weight A^ + • • • + A" . The energy operator L on the g [-module 
L(fj[;A(A)) with highest weight vector vmx) is characterized by 

Lo-va(x) = ^||A|| 2 • wa(a), (6) 
[L Q ,Eij\ = (i-j)Eij, 

where 

\\Xf:=Xl + Xl + ... + Xl 
On 3* we can realize -Lq &s 



= E E w-tt 

P=l fcGZ+i 



P. 



The n -point q[- correlation function of level I associated to A is defined 
in |BO] for I = 1 and in |CW] for general / as 

<(q; t) = <(q; h,..., t n ) ■.= tr L( ~ ( , A(A)) (g Lo A(ti)A(t 2 ) • • • k(t n )). 

Here and below we denote t = (ti, . . . ,t n ). 

Let (a; g)^ := nfl (l — aq r ). Define the theta function 



Lr=0 

i i 



0(t) := (^-rsXgjg)-^;^^- 1 ;^ (7) 



6 (fe) (i) := e(t), forA;eZ + . 
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Denote by Fb (q; t) or Fb (q; t±, . . . ,t n ) the following expression 



det 



e (j - +1> fc(i)-'»i,- 3 )) 



1 A /a-i 

y ° . (9) 

It is understood here that l/(— k)\ = for k > 0, and for n — 1, we 
have Fbo(q;t) = (g; g)~ 1 0(t) _1 . The following summarizes the main 
results of Bloch-Okounkov [BO] for / = 1 and Cheng- Wang |CW] for 
general I > 1. 

Theorem 2.1. Associated to A = (Ai,...,Aj), where Ai > . . . > Aj 
and Aj G Z ; t/ie n-point ^{-function of level I is given by 

l<i<j<Z 

where |A| := Ai + • • ■ + Aj. 

In the simplest case, i.e. I — n — 1, we have 

t) = q^t x ■ F bo (q; t) = - 9 2 * 

(?;5)«>6(*) 



3. The correlation functions on g^-modules 
Let t be an indeterminate and define the following operators in d^: 

:D(i): = ^(^-l-^)^-^,!^), 
fceN 

D(t) = :D(t): + -^-^C. 

12 —t 2 

Definition 3.1. The n-point doo- correlation function of level I + ~ 

i , i 

associated to X G U ® det, denoted by D x 2 (q,t) or also by 
i+- 

£ A 2 (g,ti, . . .,t n ), is 

tr L{doo . MX)) q L °D(t 1 )---D(t n ). 

Remark 3.1. In |TW] , the trace is taken over the direct sum of the 
modules L(d 00 ;A(\)) and L(d 00 ; A(A <g> det)) for A in T 1 for technical 
reasons. 
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3.1. Fock space £F' + 2 and D(t) realization. Consider the neutral 
fermion 

neZ+5 

which satisfies the commutation relation 

[^mi ^71] + = °~m—n- 

We denote by jF z+ 5 the Fock space of one neutral fermion ip(z) and / 
pairs of complex fermions ip ±,p (z), 1 < p < I, generated by a vacuum 
vector |0) which satisfies 

y? n |0> = V+' p |0> = CIO) = for n G | + Z+. 

Let 

rGZ 

It is known (cf. |FFl IWlj ) that the above operators e+,e~ together 
with e.p q ,e P g,e~ q (p,q = 1, • ■ • , Z) defined in (jU E]) generate Lie algebra 
so(2/ + 1). 

When acting on we may then rewrite D(t) as 

D (t) = E * fc ( I>-^ + + ) • 

For later use, we have the following lemma giving an isomorphism of 
Fock spaces. 

Lemma 3.1. Given a pair of complex fermions tp^i^z), we let 

^ := ty+ + C)/V2, ^ := - O/v 7 ^. 
Then, ip n and tp' n satisfy the anti- commutation relations: 

[ip n , (p m } + = 5 n - m , [<p' n , lf' m ] + = 5 n - m , 

[<Pn,<p' m ]+ = 0, form,neZ. 
Hence, there is an isomorphism of Fock spaces 

Proof. Verified by a direct computation. □ 
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3.2. The n-point c/oo-correlation functions of level Consider 
the doo operator 

E V-kVk 



a = 

k>0 

and set the following notation 



(<?,t) = tr L ( (ioo; A(A))ei(d 00 ;A(A®det))? °D(t 1 ) ■ ■ - D(t ri 



B l ^(q,t) = tr L(doo;A(A))ffiL(doo;A(A0dct)) (-l)V°D(ti)---D(t n ). 

Note that D A +2 "(g,t) was computed in [TW] . 

Proposition 3.1. |TW| Theorem 4.1] The function O A 2 (g, t) egim/ 
to 

^(0) 



1 (?;t) x 



E (-i)^ ) . M± ^n( E [^](nt-)^F 6o (, ; t-)) 



2 

^ "> / ^^f(rr\ ||A + p-a-(p)||^ n 

X 

where k a = (A + p — cr(p),e a ), JV(-B;) is the Weyl group of type B, p 

is the usual half-sum of positive roots for type B, e = (ei, 62, . . . , e n ), 

1 

[e] = eie 2 and ITt f = t e ± ■ ■ ■ t e ™ . Also, (q; t) is given in \TW\ 

Proposition 4.2]. 

The following formula from [TW] will be used later. 
tr^ e "g L °D(t 1 )---D(t n ) = E^ E H • (nt^ ■ F bo (g; t ? ) (10) 

fceZ e"G{±l} n 

The main results of this paper are the computation of the function 

B A 2 (g, t) and Proposition 13.21 below. A recursive formula for D^(g, t) 
can be obtained similar to [TWl Proposition 4.2]. Note that [W2J 
Theorem 8] implicitly gives the 1-point version as 

-1 . , ,1, f^ q n -Ut n ~^ -r n+ l)\ t\ , 

Dfofaf) = -(ff')oo ( E \ _ q n-l -) + ^1^)- 

Lemma 3.2. VFe have 

[a,<p r ] = <p r , [a,^]=0. 

Equivalently, a acts on vectors of doo-modules by counting the number 
of ip r s in the vector. 
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Proof. The lemma follows by direct computation using the anti-commutation 
relations amongst the ips and ^s. □ 

Proposition 3.2. For A £ 7 1 , the n-point d^- correlation functions of 
level I + | are given by 



2 

,+i P^(g,t)-P^(g,t) 



Proof. Using Lemma [3T2| the operator a acting on an element of either 
L(o? 00 ; A(A)) or L^d^ A(A®det)) counts the number of <ps in the vector. 
The structure of the highest weight vectors for these modules is well- 
known (cf. [Wll Theorem 4.1]) and elements of L(ci 00 ;A(A)) (respec- 
tively L(d OQ ; A(A®det))) have an even (respectively odd) number of <ps; 
hence (—1)" acts as 1 on L(doo; A(A)) and as —1 on Lldoo] A(A ® det)) 
and the result follows. □ 

We set 

k>0 

and given a subset / = . . . , i s ) C {1, . . . , n}, we denote by I c the 
complementary set to J, and tj = (t ii; . . . ,t ig ). By convention, we let 

Df o) (g,t ) = tr^i (-lfq L ° = (<z*;<z)«, (11) 
Proposition 3.3. We have 

tr^(-l) a 'g L «D(t 1 )---D(t n ) = E Df 0) (g, t^D^g, t /c ). (12) 

/C{l,..,n} 

Equivalently, we have 



E © ( y?,tj)Df 0) (g,t /c 

0C/C{l,...,n} 



Proof. A simple calculation reveals that 
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so under the isomorphism 5F = 3^ <g> 5F2 ; we may write D(t) = Di(£) + 
D 2 (t) where Di(t) = E fce z+i ^f-k'Pk and D 2 (t) = E fce z+i tk <P-k<Pk- 
Therefore, we have 

tr^D^O-.-D^) 

= tr^i^D^) + D 2 (i0) • • • (Dx(t n ) + D 2 (0) 

?e{i,2} n 

which is equivalent to the first formula in the proposition. 
Observe that 

fc>0 

from the isomorphism of Fock spaces. Recalling that 

k>0 

it follows that 

(-If = (-l) e ». 

Thus we have 

tr * (-if q Lo D(h) ■ ■ ■ D(t n ) = tr ? q L °D{t x ) ■ ■ ■ D(t n ); 

the proposition follows by noting that on the right-hand side of ([12]) . 

i 

there are exactly two terms equal to B)? Jq; t) which come from 7 = 
and {l,...,n}. Note that a formula for tr ? g L °D(ti) ■ ■ • D(t n ) 

is given by (ITUl) with z = — 1. □ 

We now present our main theorem. 
Theorem 3.1. The function © A 2 (q, t) eg«a/ to 
l| } (g;t)x 

x £ (-l)^ g M± ^n( £ [e a ](nt-)^F 6o (, ; t-)) 
(reWCBO o=i ? a e{±i}" 

w/iere fc a = (A + p - a(p),£ a ). 

Proof. From [Wll Theorem 4.1], as (0(2/ + 1), g^) -modules, 

j'+l^ V^(0(2Z+l))®L(doo,A(A)). (13) 

AeS(B) 
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Apply tr^ + i (-1)° zf 1 ■ ■•z? l q L °D(t 1 ) ■ ■ ■ D(t n ) to both sides of this 
Howe-duality decomposition. As a only acts on 3^, we obtain 

i 

tr ^ (-1)° g^Dfa) ■ ■ ■ D(t n ) ■ ] [ tr^f g^Dfa) ■ ■ • D(t„) 



i=l 



E 

AeE(B) 



■l) det+1 ch^(^,...,^)D^(g,t) 



where (— l) dct+1 is equal to 1 if A G T 1 and -1 otherwise. 

For A G T', the character of the irreducible 0(21 + l)-module associ- 
ated to A and A <S> det is the same, and is given as follows (cf. [FHl p. 
408]) 



ch A (zi, 



so we may rewrite the above as 



"(0)' 



i=i 



= E <-> 

The Weyl denominator of type B\ reads that 



Xi+l- 

z i 


■<+3 


(A;+Z-i- 


-1) 






i- 
z i 






• 


as 










ti) 




D(t„) 






+i 


\ 
z j 




-(Ai + 


-M 


-1) 






-(1-iH 
Z j 


-1) 





(14) 



(g,t). 



l-i+h 



+ z. 



(-l)'M z ff to 
crGiy(Si) 

so by cross-multiplying terms, we may write 

(-l)'Wz'W -lf 0) (g;t)n tr^'^Dfa) ■••□(*„) 

-(Aj+i-i+i) 



(15) 



\det+l I Ai+Z-i+i 
Z ■ 



(?,t). 



AeS(B) 

We may use (flUj) to expand each multiplicand on the left-hand side 
and compare coefficients of the dominant monomial z A+p on each side 
to finish the proof. □ 

Remark 3.2. In the spirit of this paper, there are three more cases where 
one can consider the correlation functions on irreducible components 
of a direct summand. At the positive level, the integral case of 
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remains. This case is technically more difficult and different than the 
case we consider here; we do not know of an operator in that is 
able to differentiate between the two modules of a direct summand, 
and this phenomenon only occurs for certain irreducible modules. A 
much different strategy may be required. 

Also, at the negative level, both the integral and half-integral cases 
for Coo are similar to d^ for the positive levels. Given the already 
different nature of the negative level cases, again, a much different 
strategy may be required. The author plans to consider these in the 
future. 

3.3. The g-dimension of a doo-module of level I + \. For a d^- 

module M, we denote by 

dim g M = tr M q L ° 
the g-dimension of the module M. Set 

Q(q) + = tr (L(^;A(A))ffiL(d oo ;A(A<g>det))<? i0 

and 

Q(q)~ = tr (L(d 00 ;A(A))ffiL(d 00 ;A(A»det)) (-1)"? °. 

The following proposition is a direct consequence of the above nota- 
tion and the proof of Proposition 13.21 

Proposition 3.4. For A G 7 l , we have 

dim g L(d O0 , A(A)J = 

and 

Q(q) + -Q(q)- 



dim q L(g?oo, A(A ® det)) 

Note that Q(q) + = dim (? [L(c/ 00 ; A(A)) © L^^; A(A <g) det))] which is 
equal to the following equivalent formulas (cf. |TW] ) : 



Q{q)+= tp^. y: (-i)^v 



fa 9)~ 1 < l < l 

x Yl (1 - g*-^'-*) (1 - g A i +A J +«-i- J -+ij 
It remains to compute Q(g)~. 



BLOCH-OKOUNKOV FUNCTIONS: A CLASSICAL HALF-INTEGRAL CASE 13 



Proposition 3.5. We have 

^(^k. ? -i n(1 _ ? ,, + ,-, +1/2)x 

X II ( X ~ g Ai_Aj+i_i ) (l - q x *+ x 3+ 2l - i -i+ 1 " 

l<i<j<l 



Proof. In the proof of Theorem 13.11 we instead apply 

to both sides of the duality in ([TBI) . The same strategy applies, with 
the substitutions 

tr^ (-i)V° = (<r*; ?)«, 

and 



tr*£V° = dim g ^0)^zfg fe2 / 2 = (g; g)" 1 £ gT. 

fcez fcgz 

The equivalence of the two statements follows from above. □ 

We note that the g-dimension formula was also obtained in an alter- 
nate form using a very different strategy in |KWY] . 
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